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Learning Objectives:

From this module, a continuation of the last module, students may get to
know about the following:

1.

Relating the multipole radiation to the sources producing the
radiation.

Spherical wave expansion of the Green’s function for the Helmholtz
equation.

Equations for the multipole coefficients in terms of sources.

A look at the dipole case to get some idea of the order of magnitude of
the radiation.

A semiclassical treatment of the radiation from atoms and nuclei.



32 Multipole Fields - 111
32.1 Sources of multipole fields

After having studied the properties of the multipole radiation - the energy, angular
momentum and angular distribution etc, we now want to find the radiation produced by
specific sources. These sources are the charge density o(X,t) and current density
J(%,1). What we have in mind is the application of the ideas to emission of radiation
from atoms and nuclei. With this perspective, we also include intrinsic magnetization
M (X,t), associated with intrinsic spin. Since we can always analyze the time
dependence into its Fourier components, from the very beginning we take the time

dependence to be harmonic, so that

p(Xt)=p(X)e™,  JE)=JIX®e™, M(Xt)=M(R)e (1)

We write Maxwell’s equations for electric field E and H'= B/, instead of E and
H =B/ u (outside the sources H'—> H :

TE=L  9xA+ K E_TivxM @
£ Z,
VH'=0, VxE-ikz,H'=0; Z,= |% 3)
&y

The continuity equation is
V.] =iwp 4)
Let us further change the variable from EtoE' (outside the source E'> E):

E'=E+-] ()

wEy

This makes the field E' also divergenceless. The equations in terms of these quantities
become

VE =0, UxH+XF=Vxii ©)
0
A =0, TxE - ikzfi' =T x] @)
0

The curl equations can be combined to give inhomogeneous Helmholtz equation for
H' or E":



Ux (VxH) + LV xE' =V x (Vx M)
Zy

Or

=S 73 =, ik . =2, I = -, — — —

V(V.H') — V*H +‘Z—O(LkZOH +wL60v xJ) =V x (Vx M)
Or

(V24 kDH = -UX[VXM+——]] = -V [Vx M +]] (8)

Zoweo
Similarly
—>, . — 1 = - g
(V2 + kDE' = —iZokV X (VX ] + M) 9)

These are the counterpart of the homogeneous equations obtained in the earlier units for
source-free fields. We solve one of these equations; say the one for A’ along with

V.H' = 0 and use the curl equation VxH + ;—kﬁ =V x M to find the complete solution
0

of the problem.

The various electric and magnetic multopole coefficients, az (I, m) and a,, (I, m)

k e
3 [y Hydo

3y, (l,m)g.(kr)=T
k
ag (I, m) f, (kr):—ijl

involved in the multipole expansion of the fields,

™ (r.E)dQ (10)

H=> [a.(Im)f,(kn)X," —%aM (,m)Vx(g,(knX,")] (11)

E =2, Y fa (Lm)g (kX" + 1 ac (L m)Tx (1, (k) %) (12)

are given in terms of #.E and 7. H, or equivalently, 7. E’ and #. H'. So it is sufficient to

write equations for these scalars rather than for the vectors H and E’. For this take the
dot product of equations (8) and (9) with 7, use the general vector relations that we
encountered earlier also, viz,



V2(F.A) =2(V.A) +FV?A,  F.(VxA) =(FxV).A=iLA (13)

the first on the left hand side and the second on the right hand side in these equations to
get the following equations for #.E’ and #. H':

(V2 + k). H' = —iL.(J + V x M) (14)
(V2 + k)F.E = ZokL. (= V x | + M) (15)
We have already solved such inhomogeneous equations via Green’s function method
(Maxwell’s equations-I1). The solution depends on the nature of boundary conditions.
For outgoing wave boundary condition, the solutions for the Green’s function

(V> +k?)G(X,X') =5(X - X")

So the solutions to the above equations are

ik[X-%1 _

RE@) = -2 &% L [V xJ(7) + M(x)] (16)
> 102 i ’ Tk[Z=%1] T e/ v oWt (7
PH () = [ d*x e[x_—x]L AV x M(x7) +J(x)] 1n

Now refer to the unit: Multipole fields-1, where we have defined

g, (kr) = APh® (kr) + APh® (kr) (18)

From the asymptotic forms of h®?(kr) it follows that since h®(kr) represents an

incoming wave; so the coefficient A® must be zero. Hence in equations (10) and (11)
we take

g, (kr) = f,(kr) = h® (kr) (19)
outside the sources.

32.2 Spherical wave expansion of the Green’s function

We will now find the spherical Green’s function for the Helmholtz equation



(V2 +k3)G(X, %) = —5(X—X) (20)

For the outgoing wave the Green’s function is

elklx—xll

G(x,xX') = (21)

T am|R—x|

Similar spherical wave expansion was done for the Poisson equation in the undergraduate
classes. Following the same procedure we write the spherical wave expansion for the
above Green’s function as

G(X,x)=>.0,(r.,r)Y," (€',¢")Y,"(6.9) (22)

> o7

On substituting this expansion for G(x,x") into equation (20), we obtain the following
equation for g;(r,r’):

(42,24 . 104D
dr? rdr r?

19, (1) = 3~ %) (23)

The solution of this equation is given in terms of the spherical Bessel functions. We want
the solution that is finite at the origin and an outgoing wave at infinity. Such a solution is
given by

g (r,r)= A jl (kl’<)h|(1) (kr>) (24)

where (7., ) refer to the (smaller/larger) of r/r’. The correct discontinuity in the slope
is assured if A=ik, because

i) — P () =
Hence
pkIx-x1 I o
T o o1 'kz Ji (kr<)h|(l)(kr>) ZYI @0 )Y| 0,9) (25)
4 [ X —X| 1=0 m=—I

32.3 Equations for the coefficients

Now look at equations (16) and (17). If we take the point X to lie on a spherical surface
completely enclosing the source, then (r. = r'; r~ = r). On using equation (25) and the
orthonormality of the spherical harmonics



[ @0 @.9d= [ dg| sin @&, (0.0 (0.4) = 5,5

we have

Jaav . (p)% = ikj (k) (k)™ (@, ) (26)

By means of this projection we see that a,, (I,m) and a. (I, m) of equations (12) are given
in terms of the integrands of equations (16) and (17) by

j d®xj, (kn)Y,™ (8, (p)E.(k—lﬁx J+M) (27)

a.(l m):L
= (1 +1)

3%j, (kN)Y,™ (0, @) L.(VX M +J) (28)

—k?
TSR

Given the source densities / and M, these equations provide us the strength of the
multipole radiations, a,, (I,m) and ac(I,m). The equations can be put in an alternative
and more transparent form by using the definition of the angular momentum operator and
various vector relations. Thus for any vector field A

LA=iV.(f x A) (29)
L.(Vx A) =iV3(r.A) _%ww\) (30)
On using the first identity for M and the second for J, we obtain for ag (I, m)

a(m W J8%, (YT @)y V7 (F3) S22 p) + V. x M (B1)

In the last step we have used the continuity equation (4) to express ] in terms of charge
density p. We now use the Green’s theorem

[(@VPy —y¥0)dV = [(V v —y¥ p) ida
\% S

For infinite volume, the surface integral on the right vanishes and we have

[oviav = [yv2edv

\ \



If we apply this on the first term in the square brackets of equation (31) with
@=j,(kr), = (r.J), then V2 is replaced by —k2. In the second term we do radial
integration by parts (again neglecting the surface term):

. 19 a . .
frzdr]l(kr);g(rzp) = —fdrrzpa{r]kl(kr)}

The result is

LS - s 0 e (KA i
aE(l,m)——imfd XY, (9,¢)[Ik(r-J)J.(kr)+Cpar{r1.(kr)} ikV.(Fx M) j (kn)]
(32)

In a similar fashion

ay (I,m) = I\/I(I—Ids XY," (0, 9)[V.(F x ) j (kr) + (V. |\/l)—{lfJ (kn)}=Kk?(F.M) j (k)]
(33)

32.3.1 Further Simplification

These results are valid for any source size and any frequency. However, for many
applications, particularly in nuclear and atomic systems, the source dimensions are very
small compared to the wavelength. If r represents the size of the source, then kr<<1. In
such a situation multipole coefficients can be simplified considerably. We can replace
Ji(kr) by its small argument limit:

[ X2

. X
0= r3e ey 2@y )

If we keep only the lowest order term in (kr), the above expression for the electric
multipole coefficients is approximated to

(M) = o @ Q) (34)

The multipole moments Q,,,Q’,, are

= j r'Y,™ pdx (35)



Qllm =

(|_+ii()c j r'Y,™V.(F x M)d*x (36)

The Q,, is the same as the electric multipole moment defined in electrostatics except of

course that now the charge density is a function of time. The Q',, is the induced electric

multipole moment due to intrinsic magnetization. It is generally much smaller than Q.
The electric multipole radiation is thus essentially determined by the charge density of a
distribution.

If we apply the same “long wavelength” limit Kr<<1 to the coefficients a,,(l,m), and
follow the same procedure, we obtain the following approximate expression for these
coefficients:

2, ()= o (R, M) @

The M;,,, and M';,,, are the magnetic multipole moments and are given by

-1 I M*7 (= o 1\A3
M, = ry," v.(rxJ)d°x 38
n =3 D) (38)
M, ==[r'Y,""V.Md*x (39)

If a system has intrinsic magnetic moment, the two terms above are of the same order of
magnitude. The magnetic multipole radiation is determined by the magnetic moment

densities, (7 x J)/2 and M.

32.3.2 The dipole case

Let us look at the special case of dipole emission. Let us first look at the contribution due
to the charge density p(#) and current density J(#) only. Further consider first the

special case of radiation in the m=0 case. In fact this can be considered the general case,
since the other two, m = +1 are related to m=0, by rotation. From equation (35) we get

Qp = .[rYlopd3x = \/gj rpcos(@)d’x = \/%I 2pd°x ;

Similarly from equation (38)

__1 0"»"3_13*4*3
Mlo_?er1 V.(rxJ)d x_—?/ajzv.(rx\])d X



This equation can be further simplified by partial integration. The result is

1[3
M“’:E E.[(x\]y—y\lx)d3x

The current density J is of order vp, where ¥ is the velocity of motion of the charges.
Hence from the definitions (34) and (37) of the amplitudes ar and a,, respectively, a,, is

smaller than a. by a factor of order (v/c) and hence the intensity by a factor of order
(v/c)®. Though we have proved this result only for dipole radiation, it is in fact true for
any multipole: For a multipole of any order I, the intensity of the magnetic radiation is
order (v/c)? smaller than the electric radiation.

The contribution of magnetization to the radiation is obtained from equations (36) and
(39) respectively. For the dipole case, simplification by partial integration as before leads

to
ik |3 ~
L = M d3
QlO 2C 47Z'J-(rx )z X

3
M= .|— [M,d*
10 47Z"|‘ z

32.4 Multipole radiation in atoms and nuclei

Radiation is produced in transitions from one quantum state of an atom or a nucleus to
another. So basically multipole radiation in atoms and nuclei is a quantum process and
requires the use of quantum mechanics. There are two distinct steps involved in this
quantization process. One is that light is not emitted in a continuous process but as
distinct quanta of energy # . Secondly, the source of the radiation is a quantum
mechanical system rather than a classical distribution of currents and charges. However
some qualitative aspects can be understood from a semiclassical treatment on the
application of formulas derived above.

Transition probability

The transition probability, 7 (which is the reciprocal of the mean life of transition) for

emission of a photon of energy 7 ), is given by the radiated power divided by# . The
expression for the radiated energy was derived in the last module, and is

P(l,m) = 2% a(t,m) P
%7 | (40)



In the long wavelength limit, the amplitudes az and a,, are given by equations (34) and
(37) respectively. These lead to the following expression for the transition probability for
the electric dipole case

wZ k¥ 1+1 ,
: |le+le|2

Fe(l.m= 20[(2l + YU | 1)

For magnetic multipole transitions the expression is the same except for the replacement

le +Qllm - (%)(Mlm +M IIm ) ( )
42

To find the order of the effective multipole moments we proceed as follows: In the
definition (35) of Qy,, the spherical harmonic is of order unity. The integral of the
charge density p(r) is order e, the effective charge. If the effective size of the system is
R, then Qy,, is of order

| Qm |=O(eR") (43)

Further, if the effective mass of the system is m then the effective magnetic moment of

the constituents is % and the effective magnetization is

eh
mR?

M =0(—5) (44)

The most naive estimates of multipole coefficient Q',  is then

Q' =012 R (45)
mcC
Similarly
T, + My, ) =0 er) (46)
C mc

Using these rough estimates, we can study some qualitative features of radiative
transitions in atoms and nuclei. Both in atoms and nuclei, the transition energies, 7o are

usually small compared to the rest energy mc? of the system. This implies that we can
expect

Q' << Q- (47)



Thus the electric multipole transitions are dominated by the charge density with small
contribution from intrinsic magnetization. On the other hand, the magnetic multipole
transitions get similar contributions from orbital magnetization and intrinsic
magnetization due to spin.

In atoms it is the electrons that are the source of radiation. The size of the system
depends on whether radiation is being emitted by the valence electrons or by the inner
orbit electrons. If a, is the radius of the Bohr atom, the size of the radiating system can

. a : : .
be written as R=0(=2-). Then Z is of order unity for valence electron transitions,
eff

and of order Z for inner shell electron x-ray transitions.

From equations (43) and (46) above, the relative amplitude of the magnetic multipole
moment to the electric multipole moment of the same order is

hZ Z
IMI_ oy oery oy
clQ] mcR mca, 137

Hence the transition probabilities will be in the ratio

Ly ()~ Leit 2
N O[(137)]

For valence electron transitions this ratio is

1
O i Y-
(137)

Hence magnetic transitions are completely negligible compared to the electric transitions
Zeff

~Z (=)
ff
of the same order. For x-ray transitions in heavy elements : - Hence 1137 is

still small but not negligible. Only in this situation are the magnetic transitions of any
significance. However there is an overriding clause due to the selection rules. If the
lowest order electric transition is forbidden but the corresponding magnetic transition is
allowed by the selection rules, then such a transition may also become important.

z

The relative size of transitions, electric or magnetic, differing in order by one unit is also
of interest. From equations (41)-(46)

r(l +1)

=i O(kR)

O(Z,,°mc? /137%)
In atoms, the transition energies are . The radius is



1375 ~ ri+1) NI W ()
mczeﬁ):kr_O(Zeﬂ /137) = =0 =0(z,, /137) _0(—FE(I))

R:O(aO/Zeﬂ):O(

Thus if the selection rules allow several multipoles, the lowest allowed order generally
dominates. Also the ratio of the magnetic to electric transition probability is of the same
order as the ratio of probability of (I+1) to | transition. Thus if the lowest allowed
magnetic transition is of order | but electric is of order (I+1), the two can be of same
order. But in the opposite case the magnetic transition is completely negligible.

rag+1 R e ()
In nuclei also the estimate () =0(Z 1137) _O(FZ(l)) holds true. Numerically,

- -15 A1/3 - a5 N 3
the nuclear radius R~14x107A™ = (kR)~1.4x10 %A . This yields

hao(MeV) AL3

kR~ 140 . Transition energies in nuclei vary over a wide range — from several

keV to several MeV. This means that for heavy nuclei kR~0.1-0.0001. 1pyq for high
energy transitions the suppression factor for higher order transitions is not very large.
However, for low energy transitions higher order multipoles are highly suppressed.



Summary

1. After having studied the properties of multipole radiations we next
wish to relate them to the sources of these radiations.

2. Since, we have in mind radiation from atoms and nuclei, the intrinsic
magnetization of atoms and nuclei due to spin angular momentum is
explicitly included in this study.

3. To relate the sources to the coefficients in the multipole expansion, we
obtain spherical wave solutions of the Helmholtz equation.

4. We next look at the special case of multipole radiation and conclude
that the magnetic dipole radiation is weaker than the electric dipole
radiation by a factor of (v/c)?. This is in fact true for multipoles of all
orders.

5. Lastly we briefly look at the multipole radiation in atoms and nuclei.
This subject requires quantum mechanics for its proper treatment. So
all we do is to make some general comments on radiation in atoms
and nuclei.



